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Abstract 


In this paper, the spherical indicatrix curves drawn by quaternionic 
frenet vectors are computed. Also the quaternionic geodesic curvatures 
of the spherical indicatrix curves to E® and S? are found. 
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1 Introduction 


Quaternions were discovered, for the first time in 1843, by the Irish mathe- 
matician Sir William R. Hamilton [2]. Hamilton wanted to generalize complex 
numbers in order to be used in geometric optics. In 1987, Bharathi and Na- 
garaj defined the quaternionic curves in E® and E*, they studied the differential 
geometry of space curves and introduced Frenet frames and formulae by using 
quaternions [4]. About a decade later, quaternionic inclined curves have been 
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defined and harmonic curvatures studied by Karadag and Sivridag [6]. Tuna 
and Coken have studied quaternion valued functions and quaternionic inclined 
curves in the semi-Euclidean space E$ [1]. They have given the Serret-Frenet 
formulae and they have defined quaternionic inclined curves and harmonic cur- 
vatures for the quaternionic curves in the semi-Euclidean space. Quaternionic 
rectifying curves have been studied by Giingor and Tosun, [5]. Senyurt and 
Caliskan have founded the Darboux vector of the spatial quaternionic curve ac- 
cording to the Frenet frame. Then, they calculated the curvature and torsion 
of the spatial quaternionic Smarandache curve formed by the unit Darboux 
vector with the normal vector, [7]. 


2 Preliminaries 


In this section, we give the basic elements of the theory of quaternions and 
quaternionic curves. A more complete elementary treatment of quaternions 
and quaternionic curves can be found in [3] and [4], respectively. A real quater- 
nion q is an expression of the form 


qg= d+ ae, + beg + ce3 (2.1) 


where a,b,c € R and e;, 1 <7 < 3, are quaternionic units which satisfy the 
non-commutative multiplication rules 


— De 22 —_ 3 
‘* = €9° = €3° =e, X€g9XE3=—l, €1,6€2,€3 € R (2.2) 


ey X €2g = €3,€2 X €3 = €1,€2 X €3 = ej 


The algebra of the quaternions is denoted by Q and its natural basis is given 
by {e1, €2,e3}. A general quaternion can be given by the form 


q=5,+V, (2.3) 


where S, = d is the scalar part and V, = ae; + beg + ceg is the vector part 
of g. The Hamilton conjugate of g = S, + V, is defined by ¢ = Sy — Vj. 
Summation of two quaternions q; = Sy, + Vg, and q2 = Sq, + Vg, is defined as 
H ® ge = (Sq, + Sq.) + (Ve, + Von). Multiplication of a quaternion g = S,+ V, 
with a scalar \ € R is identified as AO q = AS, + AV,. If || ¢ ||= 1, then 
q is called unit quaternion. Let qi = Sy, + Va, = di + aie + bie2 + c1e3 
and q2 = Sq + Va. = do + ae, + b2e2 + c2e3 be two quaternions in, then the 
quaternion product of gq, and q is given by 


MX dg = dydyg — (ayaq + bybg + €1C2) + (diag + aydg + bycy — cibe)ey 
+ (db + bi do + bide = ab2)e2 + + (dicg cdo abe _ bya2)e3 


Spherical indicatrix curves of spatial quaternionic curves 4471 


or 


a x @Q= Sq Sao a (Vers Voo) ar Sq Voo att SqoVan au Vox /\ Vou (2.4) 


where (,) and A denote the inner product and vector product in Euclidean 
3-space. 

In this space it is defined a symmetric real-valued, non-degenerate, bilinear 
form as follows: 


We @X QR fa, a)la= 5 


which is called the quaternion inner product. As a result the norm of q is 


(m1 x @+ qx hi) (2.5) 


N(@)= Vax G=VE4+P4+E2+ a. (2.6) 


The element q is called a spatial quaternion whenever gq + ¢ = 0 and called a 
temporal quaternion whenever qg—g = 0. A general quaternion q can be given 
as gq = $(q +q)+ S(q —q). The three-dimensional Euclidean space is identified 
with the space of spatial quaternions [4]. 

The space Qy = {¢ € Q | ¢+ @ = 0} is defined in an obvious manner. Let 
I = 0,1] be an interval in the real line R and s € I be the arc-length parameter 
along the smooth curve 


1210.1] Qu, (8) = Do ralsder (2.7) 


The tangent vector y/(s) = t(s) has unit length ||t(s)|] = 1 for all s. 

Let 7 : [0,1] — Qu be a differentiable spatial quaternions curve with arc- 
length parameter s and {t(s),ni(s),n2(s)} be the Frenet frame of y at the 
point y(s), where 


= 10), 
Se Ne 
m9) = Hay i 


No(s) = t(s) x ni(s), 


and if the curve y(s) is a non unit speed curve then we say that 


x t(s) (2.9) 
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Let {t(s),1(s),n2(s)} be the Frenet frame of y(s). Then Frenet formula, 
curvature and the torsion are given by 


= —k(s)t(s) + r(s)no(s) (2.10) 


and 


) 
(7'(s) x 78), 7'"(8) ig (2.11) 


where t(s),1(s),n2(s) are, respectively, the unit tangent, the unit principal 
normal and the unit binormal vector of a quaternionic curve [4]. The functions 
k,r are called the principal curvature and the torsion, respectively. 

Considering the spatial quaternions curve 7 : [0,1] ~ Qa , the moving 
frame {t(s),71(s),n2(s)} moves with a certain angular velocity around each 
axis for any s € [0,1]. This axis is called instantaneous rotation axis of the 
spatial quaternionic curve. The Darboux axis vector in the direction indicated 
by D in defined as follows: 


D=rt+kno. (2.12) 


Let D be the instantaneos Pfaff vector of curve y. Let denote the angle between 
D and nz with y, 


k ; r 
cos p = ——=———,, sin 


k2 4 2’ OS eg 


The unit vector of quaternionic Darboux vector [7] is indicated by w: 


(2.13) 


D 
w= N(D) = sin yt + COS YN2. 
3 Spherical Indicatrix Curves of Spatial Quater- 
nionic Curves 
In this section we find the arc lenght of (t), (m1), (nz) and (w) for the Spherical 


Indicatrix Curves, we compute the geodesic curvatures in E° and $?. 
We indicate the arc length for (t) with s;, that is 
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St 


0 
= [ Nenyas 
0 


1 — se 
y/5(in, x kn) + (kny x kn1)ds 


kds. (3.1) 


| 
if 
If the arc length for (n,), (m2) and (w) are S),, Sn, and S,,, we have: 


= [vba 


0 
= [Che + nays 
0 


— Ss | Vere rma) x (—kt + rng) + (—kt + rng) x (—kt + rng))ds 
l Ss 
= <5 | VAR FP VAs 


= J Newlo)as (3.2) 
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i dng 
Sno = fi (—, )ds 
0 
= [Ncrns)as 
0 


s 


5 i) /(-rng x 77g) — (rng x TF Ha)ds 


/ dw 
ete TINE a 
8 [xQQpe 
0 


7 d(sin yt + cos pn) 
= [x )as 
0 


ds 


N(y'(cos yt — sin pnz))ds 


yds. (3.4) 


Let a;(s;) = t(s) be a unit speed regular spherical curves. We denote s; as the 
arc-lenght parameter of tangents indicatrix (t) 


az(Sz) = t(s) (3.5) 


Let us consider the tangent vector t,; of curve (t). Supposing that the tangent 
vector of the (t) geodeseic curvature is A;, we get 


Ny = N(D;,t1). (3.6) 
Differentiating (3.5), we have 


oe 


ds, ds els) 
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and 
ied = kn. (3.7) 
ds 
From the equation (3.7) 
ti(sz) = ni(s). 


Computing the derivatives and after some algebra we get, 


Di, ts =-t+ Me (3.8) 


By substituting (3.5), we obtain 


1 r c 
Ay = act -+ zn) x (—t -++ gre) 
ry\2 
A, = 4/14 (<= 
t n (;) 
or from the equation (2.13), 
Ay = sec y. (3.9) 


Likewise, let us suppose that the tangent vector of the curve (n;) is tn,. Sup- 
posing that A, is the geodesic curvature of (n,) at E?, we get 


Nee Go: (3.10) 


Let us define the tangent vector of the curve (nz) as t,,. Supposing that A, 
is the geodesic curvature of (nz) at E*, we get 


k 
Mng 1+ Gy 
Ap = ese@: (3.11) 


Following a similar approach, we consider the tangent vector is t,, of the 
curve (w). Supposing that A,, is the geodesic curvature of (w) at E®, we get 


Aw = 4/1 + (ey (3.12) 


Let find the geodesic curvatures of (t), (ni), (nz) and (w) to S?. Supposing 
that the geodesic curvature for (t) is T;, it is T; = N(D,,t;). Because of the 
Gauss equation and S(t,) = t:, we have 


4476 Siileyman Senyurt and Luca Grilli 


Det = Di, ti oh (S(t), te) lots 
Date ory Di, ti eb, 


Di, tt = Me = tan ono. 
Then, 
T, = tan¢ (3.13) 


will be achieved. Likewise, Supposing that the geodesic curvature for (71) is 


P,,, it isT,, = N(Di,,tn,). Because (S(tn,),tn1)|9 = 1 at the statement 


Di, try = Di, try + (S(tni); tra )laes 
/ 
Dit, = nw on pt + cos png) 
will be found out. Then, 
y! 
is = 3.14 


will be achieved. Likewise, supposing that the geodesic curvatures for (ng) are 
(w) are ,, and T,,, these are T,, = N(Dz,, tn.) and [, = N(Dz,,tw). Then, 


Ca = OK: 
N 

r, = a 
p 


will be achieved. 
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